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A BSTRA CT 
A model. i s  proposed  f o r  t h e  maser a m p l i f i c a t i o n  o f  t h e  
emission l i n e s  of i n t e r s t e l l a r  OH. Weak incoherent  microwave 
r a d i a t i o n  f rom an external.  source passes  through an OH cloud 
and i s  enhanced by maser a c t i o n .  The amplifying medium i s  
considered a s  a c o l l e c t i o n  -of t he rma l ly  moving two-level 
moJecules which undergo e x c i t a t i o n  t o  the upper l e v e l  a t  a 
s t eady  pump r a t e ,  The d e t a i l s  of  t h e  pumping mechanism a s  well  
a s  the  s t a t e  of  p o l a r i z a t i o n  of the r a d i a t i o n  a r e  no t  considered. 
The n a t u r a l  l i newid th  and the  spontaneous decay of the  two l e v e l s  
a r e  represented  by phenomenological cons t an t s  yab, ya and y,, 
The Maxwell% equat ions  f o r  the e lec t romagnet ic  f i e l d  a r e  coupled 
t o  the quantum mechanical equat ions  of motion f o r  the  molecular 
d e n s i t y  ma t r ix  i n  a s e l f - c o n s i s t e n t  way. After reducing the 
equat ions  on the b a s i s  of s l o w l y  vary ing  amplitude and narrow 
passband approTimations, a s i n g l e  equat ion  i s  der ived f o r  the 
s p e c t r a l  d e n s i t y  by assuming t h a t  the  incoming r a d i a t i h  i s  
completely incoherent ,  The s t e a d y - s t a t e  s o l u t i o n s  of t h i s  equat ion  
a r e  i n v e s t i g a t e d  a n a l y t i c a l l y  and the equat ion  i t s e l f  i s  i n t e g r a t e d  
numerical ly  f o r  s e v e r a l  k inds  of Doppler broadening, It i s  found 
t h a t  i n  the absence of molecular motion, the  spectrum approaches 
a 6-function a t  the  resonance frequency a s  the r a d i a t i o n  trave1.s 
through the  medium, However when Doppler broadening i s  i n t r o -  
duced, the behaviour o f  the s p e c t r a l  d e n s i t y  i s  dependent upon the 
r e l a t i v e  magnitude of t h e  Doppler w i d t h  w i th  r e s p e c t  t o  t h e  homoge- 
neous l i newid th  and upon the  amount by which threshold i s  exceeded. 
I .* INTRODUCTION 
Since..-the discovery of t h e  f i r s t  microwave l i n e s  of  . the 
i n t e r s t e l l a r  hydroxyl r a d i c a l  i n  October 1963, there  have been 
ex tens ive  astronomical  obse rva t ions  of f o u r  r a d i o  l i n e s  at  
1612, 1665, 1667 and 1720 MHz, a r i s i n g  from t r a n s i t i o n s  between 
t h e  hyperf ine leve ls  of t h e  A double t  i n  t h e  ground s ta te  of  OH. 
These l i n e s  have been observed i n  absorp t ion ,  emission o r  
bo th  i n  t h e  s p e c t r a  of a l a r g e  number of r a d i o  sources  c l o s e  t o  
8 t he  g a l a c t i c  p lane .  The emission from OH molecules i s  dec idedly  
non-thermal. B e s i d e s  extremely narrow s p e c t r a l  p r o f i l e s ,  t h e  
s a l i e n t  c h a r a c t e r i s t i c s  of  t h e  obse rva t ions  inc lude  a ve ry  small 
angular  s i z e  of t h e  emi t t i ng  region,  a lower l i m i t  on t h e  su r face  
b r igh tness  of  t h e  o r d e r  of  10 K, s t r o n g  p o l a r i z a t i o n  both  l i n e a r  
and c i r c u l a r  and f i n a l l y  i n t e n s i t y  r a t i o s  f o r  t h e  f o u r  l i n e s  i n  
disagreement w i t h  t h e i r  t h e o r e t i c a l  va lues .  
3 
These p r o p e r t i e s  suggest  that  t h e  observed s i g n a l s  have been 
amplif ied by s t imula ted  emission. A t  least  i n  a q u a l i t a t i v e  way, 
maser a m p l i f i c a t i o n  could indeed account f o r  most of  t h e  anomalous 
f e a t u r e s  t h a t  have been observed. A peaked g a i n  p r o f i l e  produces 
p rogres s ive  narrowing of t h e  spectrum as t h e  s i g n a l  travels through 
t h e  medium. The de ta i l s  of t h e  pumping mechanism may cause t h e  
popula t ions  of t h e  leve ls  t o  be d i f f e r e n t  t h a n  what they  would be 
i n  thermal equi l ibr ium and t h u s  lead t o  i n t e n s i t y  r a t i o s  i n  d i s -  
agreement with t h o s e  p red ic t ed  by t h e o r e t i c a l  l i n e  s t r e n g t h s .  
Fur ther ,  as was shown'by s e v e r a l  au thors ,  g-ll s t imula ted  emission 
may be p o l a r i z e d  w h i l e  thermal emission could not .  
t 
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A var l -e ty  of  schemes have been invented 12-20 t o  d e s c r i b e  t h e  
mechanism by which t h e  OH cloud would be pumped up t o  exc i t ed  
l e v e l s  as r equ i r ed  f o r  maser a c t i o n  t o  t a k e  p lace .  The n a t u r e  of 
t he  f l u c t u a t i o n  t ha t  t r i g g e r s  maser ampl i f i ca t ion  i s  a l so  a matter 
f o r  specu la t ion .  One p o s s i b i L i t y  i s  t h e  ampl i f i ca t ion  of  l i g h t  
spontaneously e m i t t e d  w i th in  t h e  medium. However, emission has 
been seen so far  on ly  a g a i n s t  continuous sources  and even if t h e r e  
were no nearby source  of  continuum t o  se rve  as inpu t  t o  t h e  maser, 
t h e  background microwave r a d i a t i o n  from t h e  Galaxy would be an 
e f f e c t i v e  s t imulus .  
For a more comprehensive p r e s e n t a t i o n  of t h e  s u b j e c t  t h e  
. .  
21,22 r eade r  i s  referred t o  review a r t i c l e s .  
The problem of coherent  l i g h t ,  whether it be a monochromatic 
wave o r  a pu l se ,  p ropagat ing  through a maser a m p l i f i e r  has been 
widely inves t iga$ed  by numerous au thors .  23-33 On t h e  o t h e r  hand, 
t h e  propagat ion of incoherent  r a d i a t i o n ,  such as whi te  n o i s e  o r  
b lack  body r a d i a t i o n ,  does no t  f o l l o w  i n  any d i r e c t  way fron t h e s e  
i n v e s t i g a t i o n s  because of t h e  non l inea r  a spec t s  of t h e  problem. 
We propose i n  t h i s  paper  t o  g i v e  a simple model which desc r ibes  
t h e  ampl i f i ca t ion  of an incoherent  i npu t  s i g n a l  by a two-level  gzseous 
medium. It w i l l  be assumed that  t h e  popula t ion  of t he  l e v e l s  i s  
inve r t ed  a t  a s t eady  rate but  t h e  de t a i l s  of t h i s  pumping mechmism 
w i l l  b e  ignored.  The paper i s  divided i n t o  s i x  s e c t i o n s .  I n  t h e  
next s e c t i o n  w e  summarize t h e  d e r i v a t i o n  of t he  equat ions  f o r  t h e  
propagat ion of a gene ra l  e lec t romagnet ic  f i e l d  i n  a two-level 
medium. I n  Sec,  I11 t h e  equat ions  a r e  s p e c i a l i z e d  t o  t h e  case of  
P 
- 2a - 
fixed molecules (homogeneous brdadening) and reduced on t h e  b a s i s  
of s e v e r a l  approximations appropr i a t e  t o  our problem such a s  
the  slowly varying amplitude,  the  narrow passband and the  t h i r d  
o rder  p e r t u r b a t i o n  approximations. I n  See. IV ,  t h e  inco- 
herent  r a d i a t i o n  i s  descr ibed i n  terms of i t s  s p e c t r a l  p r o p e r t i e s  
and an equat ion  i s  der ived f o r  the  propagat ion o f  the  s p e c t r a l  
d e n s i t y  func t ion .  After a br ie f  s tudy  of t h i s  equat ion,  the r e s u l t s  
a r e  genera l ized  t o  t h e  case of  a s t r o n g  s i g n a l  by summing the  per- 
t u r b a t i o n  expansion series.  Sec t ion  V in t roduces  t h e  motion of the 
molecules (Doppler broadening).  General conclusions a r e  drawn i n  
See. V I .  
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11. DERIVATION OF THE EQUATIONS 
The basis f o r  t h e  fo l lowing  c a l c u l a t i o n s  was set  by Lamb 
i n  h i s  'Theory of an. O p t i c a l  Maser'.  The gas cloud w i l l  be 
assumed t o  be a c o l l e c t i o n  of two-level  molecules i n  thermal 
motion and coupled only  through t h e i r  d i p o l e  i n t e r a c t i o n  w i t h  t h e  
o v e r a l l  f i e l d .  The l a t t e r  w i l l  be reppresente-d by a s c a l a r  E ( z , t )  
l i n e a r l y  p o l a r i z e d  i n  t h e  x - d i r e c t i o n  and propagat ing i n  t h e  z 
d i r e c t i o n .  
E ( r , t )  = E ( z , t )  2 
w* Vd 
Thus t h e  problem i s  reduced t o  a s i n g l e  dimension and no 
at tempt  i s  made t o  d e s c r i b e  t h e  a c t u a l  p o l a r i z a t i o n  of t h e  f i e l d  
a r i s i n g  from t h e  magnetic s p l i t t i n g  of t h e  levels .  C o l l i s i o n  
e f f e c t s  w i l l  a l s o  be ignored. 
Given two t ime independent b a s i s  f u n c t i o n s  $., (rb f o r  t h e  
states a and b, t h e  wave f u n c t i o n  for t he  molecule can be w r i t t e n  
I n  t h e  subspace spanned by ( r a  and (fb t h e  e f f e c t i v e  Hamiltonian 
seen by t h e  molecule i s  
where 
(4)  
. .  
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i s  t h e  HamP3tonian f o r  t h e  unperturbed molecule, 
i s  t h e  i n t e r a c t i o n  Hamiltonian i n  t h e  d i p o l e  approximation, and 
P = (ab1b)  = ( b l P l a )  (6) 
i s  t h e  ma t r ix  element of t h e  d i p o l e  moment ope ra to r  k. The 
d e n s i t y  matrix p(a,z 
i n i t i a l  s ta te  a(a=a o r  b ) ,  p o s i t i o n  z 
of e x c i t a t i o n  i s  def ined  as 
t o , v , t )  of t he  molecule, l abe l led  by t h e  
t ime to and v e l o c i t y  v 
0 )  
0' 
P = 1$, ($1  ( 7 )  
and i s  known t o  obey t h e  equat ion of motion 
ih ap/at  = [H, p] . 
The expec ta t ion  va lue  of t h e  molecular  d i p o l e  moment i s  given by 
lJ 
A proper  s t a t i s t i c a l  summation over  ( 9 )  leads t o  the  macroscopic 
p o l a r i z a t i o n  P ( z , t )  which e n t e r s  as a d r i v i n g  term i n t o  Maxwell's 
equat ion f o r  t h e  f i e l d .  Leaving t h e  summation over  v aside, f o r  
t h e  time being, it can be  seen t h a t  
G 
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where Xa i s  t h e  number of atoms exc i t ed  to state  a p e r  u n i t  t i m e  
and u n i t  volume, r e p r e s e n t s  t h e  popula t ion  matrix f o r  an ensemble 
of molecules of a given v e l o c i t y  v which reac-h t h e  p o s i t i o n  z a t  
t i m e  t and t h u s  c o n t r i b u t e  t o  t h e  p o l a r i z a t i o n  according t o  
It has been shown elsewhere ( 3 3 )  t h a t  i n  terms o f  p (v , z , t ) ,  t he . coup l i z ;  
of t h e  equat ion of motion (8) t o  t h e  f i e l d  equation, can be w r i t t e n  as 
where 1.1, i s  t h e  vacuum permeabi l i ty ,  c t h e  v e l o c i t y  of l i g h t  and 
u) t h e  resonance frequency 
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The f i c t i t  X6us conduc t iv i ty  CT is int roduced phenomenologically 
i n  o rde r  t o  account f o r  any l i n e a r  l o s s e s  i n  t h e  background medium. 
The damping c o n s t a n t s  y,, yb and yab are s i m i l a r l y  introduced t o  
r e p r e s e n t  t h e  decay of t h e  leve ls  a, b and of t h e  molecular  
d i p o l e  moment i n  t h e  absence of  any r a d i a t i o n  f i e l d .  
a steady and homogeneous rate of e x c i t a t i o n  i s  assumed, so t h a t  
Fur ther ,  
where W(v) i s  t h e  v e l o c i t y  d i s t r i b u t i o n  func t ion .  
Given i n i t i a l  cond i t ions  p(v,z,O) f o r  t h e  medium and t h e  
boundary cond i t ion  E ( 0 , t )  f o r  t h e  f i e l d ,  Eqs. (12)  i n  p r i n c i p l e  
determine E ( z , t )  f o r  any z .  
equat ions  i s  not  p r a c t i c a l l y  feasible  and f u r t h e r  approximations 
must be used. The n a t u r e  of these approximations depends on t h e  
form of t h e  inpu t  s i g n a l .  
s p e c i a l i z e  Eqs. (12) f o r  t h e  case of  incoherent  i npu t .  
However, t h e  i n t e g r a t i o n  of the  
I n  t h e  fo l lowing  s e c t i o n  we sha l l  
To exhibi t  more c l e a r l y  t h e  nQve1 f e a t u r e s  o f  t h e  problem 
we  sha l l  f i r s t  t r ea t  t h e  c a s e  of  fixed molecules l e a v i n g  aside 
the  i n t e r e s t i n g  but  o therwise  familiar complicat ion of molecular 
motion. I n  t h i s  c a s e  t h e  medium i s  said t o  be homogeneously 
broadened. 
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I11 e SIMPLIFYING APPROXIMATIONS .a. 
1, Fixed Molecu1.e~ (Homogeneous Broadening). 
S e t t i n g  v = 0 and dropping any v e l o c i t y  dependence of  t h e  
v a r i a b l e s ,  we  may reduce Eqs.  (12)  t o  
Since an incoherent  f i e l d  i s  much more e a s i l y  descr ibed i n  terms 
of  i t s  s p e c t r a l  p r o p e r t i e s ,  it w i l l  c l e a r l y  be h e l p f u l  t o  work 
i n  t h e  frequency domain. In t roducing  t h e  Four i e r  t ransforms 
d t  > 
E(z,v) = (27r)-’ s+m E ( z , t ) e  -ivt 
-0) 
and assuming y << coy Eqs. (15) a r e  transformed i n t o  ab 
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N ( z , v )  = N ; ~ ( V )  + (ha) -1 [(ya f i V ) - l  f ( y b  f iv)-l] 
x - m  i v ' P ( z , v f )  E(z,v-v')  d v '  
where 
i s  t h e  popula t ion  . invers ion  tha t  would be  established i n  t h e  
absence of any f i e l d .  
2. Slowly Varying Amplitude Approximation 
Equation (1'7-a) sugges ts  t h a t  E( z, v )  has a rap id ly  vary ing  
e - 
dependence exp(-ivz/c).  I n  o rde r  t o  remove t h i s  f a c t o r  w e  se t  
E( z ,  v) -, E( z ,  v)  exp( - ivz/c)  ( 2 1 4  
P( z ,  v )  -, P( z, v )  exp( -ivz/c) ( 2 W  
N(z,v) 3 N(z,v) exp(-ivz/c) . ( 21c 1 
Equations ( l 7 b )  and ( l 7 c )  are no t  a f f e c t e d  by t h e s e  s u b s t i t u t i o n s .  
- 9 - .  
However, a s k m i n g  tha t  t h e  new E(z,v) v a r i e s  slowly over  .a d i s t a n c e  
c/v, FQ. (l7a) reduces t o  a f i r s t  o r d e r  equat ion  
1 1 - p acE - 5 ipovcP 2 0  . aE/az = - 
3. Sca l ing  of  t he  EQuations 
Equations (17b) ,  ( 1 7 ~ )  and (21 )  are reduced t o  a convenient 
form if E, P, N are eva lua ted  i n  u n i t s  o f  Eo, Po, No r e s p e c t i v e l y ,  
-1 -1 -1 
Y = 2 ( Y  a $- Yb ) 
and No i s  g iven  by (20) .  I n  these u n i t s  t he  r e s u l t i n g  equat ions  
can be w r i t t e n  as 
where t h e  l i n e a r  loss u and t h e  coupl ing cons t an t  (J are given by 
and 
1 K = - - I J . o c  2 0  
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The f u n c t i o s  F(v)  i s  def ined  as 
-1 ~ ( v )  = y [ ( y a  + i v )  + (Yb + i v ) - l ]  . (27) 
The new v a r i a b l e s  E, P, N which e n t e r  3 s .  (24) have t h e  dimension 
of a frequency and r e p r e s e n t  t h e  F o u r i e r  t ransforms of dzimensionless 
q u a n t i t i e s ,  while  and have the  dimensions. of  a r e c i p r o c a l  length .  
4. N a r r o w  Passband Agproximation 
Since t he  n a t u r a l  bandwidth o f  t h e  ampl i f i e r ,  of the  o rde r  of 
i s  much smaller than  t h e  resonance frequency us, E(z,v) and yabJ 
P(z,v) w i l l  have apprec i ab le  va lues  only  around a, l i m i t e d  range of 
f requencies  around v = f a. 
v = 0. 
i n  a s .  (24), us ing  these pr0pert ie .s  o f  the  in tegrands .  
The f a c t o r  f n  f r o n t  of t h e  i n t e g r a l  i n  (24b) can be reduced 
S i m i l a r l y  N ( z , v )  w i l l .  be peaked around 
It i s  t h e r e f o r e  expedient  t o  modify t h e  i n t e g r a l s  appearing 
t o  a complex Lorentz ian  i f  we set 
v = c u + R  
where C! i s  small compared t o  a. We then  f i n d  
The main c o n t r i b u t i o n  t o  t h e  i n t e g r a l  i n  Eq. (24b) comes from smell 
values  of v f ,  so tha t  i n  terms of t h e  t r a n s l a t e d  f u n c t i o n s  
- 11 - 
..-. 
P ( z ,  w + n) -6 P(z ,R)  
E(z ,u  + - 0 ' )  +E(z,bZ - 0 ' )  
Eq. (24b) may be approximated by 
where the  dummy v a r i a b l e  V I  has been replaced by hz'. 
Appreciable c o n t r i b u t i o n s  t o  t he  i n t e g r a l  i n  (24c) come from two 
reg ions :  t h e  f i r s t  i s  VI  (u, t h e  second v '  N -Lu, Changing t h e  
v a r i a b l e  of i n t e g r a t i o n  t o  n f  defined by 
v '  = CD + R '  
i n  t he  f i r s t  region, and by 
vt = -0 + n-n' (33) - 
i n  the  second region,  Eq. (24c) may be expressed i n  terms of 
t h e  t r a n s l a t e d  func t ions  of ( 3 O ) ,  as 
where use was made of t h e  symmetry p rope r ty  
* 3t 
E ( z ,  - v )  = E ( z , v )  and P ( z ,  - v )  = P ( z , v )  
and of t h e  approximations 
(35) 
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The complete set  of coupled equat ions  i s  t h e n  
aE/bz = -xE + QP ( 3 7 4  
N = 6(n)-F(n)J[P(~,!2f)E*(~,$l~-fl) + E ( ~ , n ~ ) P * ( z , 6 2 ~ - f I ) ] d n ~  (37C) 
5. Thi rd  Order I t e r a t i o n  
An i t e r a t i v e  s o l u t i o n  of the form 
'p(z,n) = P ( l )  + PC3) + P(5) + 0 0 .  (38b) 
can be w r i t t e n  down for t h e  coupled i n t e g r a l  equat ions  (37b) and 
(37c). Under c e r t a i n  condi t ions ,  t o  be s p e c i f i e d  la te r ,  the  
t runca ted  form of (38) r e p r e s e n t s  an adequate approximation t o  
t h e  t r u e  s o l u t i o n .  Using 
one o b t a i n s  by repeated s u b s t i t u t i o n s  
~ ( l )  = D ( Q > E ( ~ )  ,
N ( 2 )  = -F(n)JdnfE(nf)E*((nf-n)[D(R1) + D*(Qf-h)] (41) 
and 
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Hence t h e  $fiird o rde r  f i e l d  equat ion  
6 ,  Numerical I n t e g r a t i o n  
We have attempted t o  i n t e g r a t e  Eq. (43) numerical ly  w i t h  a 
d i g i t a l  computer. 
choose a s e t  of d i s c r e t e  f requencies  nn f o r  which one wishes t o  
determine t h e  z dependence of  E(z,O,). The d i s t r i b u t i o n  of t h e  
R n ' s  along t h e  s2 a x i s  must be dense enough i n s i d e  t h e  passband 
so t h a t  one may eva lua te  accu ra t e ly  t h e  i n t e g r a l s  on t h e  r i g h t  
hand s i d e  of  (43). However, t h e  number of opera t ions  involved i n  
eva lua t ing  t h e s e  i n t e g r a l s  i nc reases  roughly as t h e  square of t h e  
number N of f requencies  used and i s  of the  o rde r  of 4000 mul t ip l i ca t ioc :  
and 7000 a d d i t i o n s  f o r  N = 20. 
of  round-off e r r o r s  such t h a t  t h e  accura te  i n t e g r a t i o n  of the 
equat ion becomes very  c o s t l y .  There i s  a l s o  a more fundamental 
ob jec t ion  t o  t h e  d i r e c t  numerical  i n t e g r a t i o n  of Eq. (43). A s -  
I n  o rde r  t o  perform such an i n t e g r a t i o n  one must 
T h i s  r a p i d l y  produces an accumulation 
suming t h a t  a d i s c r e t e  s e t  of r e p r e s e n t a t i v e  frequencies  On has 
been chosen, one would then  l i k e  t o  a s s ign  random phases t o  t h e  
boundary va lues  E(O,Rn)  t o  express  the e r r a t i c  behavior of t h e  0 
dependence of  t h e  phase of E(0,R). 
i n t e g r a l s  over  such a r a p i d l y  vary ing  func t ion  by a sum over a few 
d i s c r e t e  f requencies .  Somehow, use must be made of t h e  random- 
It i s  then  i l l e g i t i m a t e  t o  rep lace  
ness  of t h e  phases i n  eva lua t ing  t h e s e  i n t e g r a l s .  
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Howevei, Eq. (43) i s  not  e n t i r e l y  u s e l e s s .  If one 
claims t h a t  t h e  incoming s i g n a l  con ta ins  only a few 
discrete  f requencies ,  t h e n  the  r i g h t  hand side reduces 
t o  a manageable sum, and one could i n t e g r a t e  t h e  equat ion  a t  
reasonable  c o s t .  Care must be t aken  t o  choose t h e  d i s c r e t e  
f requencies  i n  such a way tha t  by forming combination tones  one 
does no t  o b t a i n  new f requencies  f a l l i n g  i n s i d e  t h e  passband. 
T h i s  i s  most simply achieved by covering t h e  passband w i t h  equa l ly  
spaced f requencies .  
We have carried ou t  t h i s  c a l c u l a t i o n  w i t h  up t o  9 f requencies ,  
r epea t ing  each case  s e v e r a l  times with d i f f e r e n t  choices  of  t h e  
i n i t i a l  random phases. The r e s u l t  w a s  i n v a r i a b l y  a disappearance 
o f  t h e  sidebands and a bu i ld ing  up of  t h e  c e n t r a l  frequency t o  
the  va lue  p red ic t ed  by t h e  s i n g l e  frequency theory  ( 3 3 )  (see Fig. 1). 
Examination of Eq. (43) shows tha t  t h i s ,  as w e l l  as o s c i l l a t i o n  
a t  any o t h e r  s i n g l e  frequency, i s  a s table  s o l u t i o n .  h-obvious  
reason f o r  t h e  bu i ld ing  up of t h e  c e n t r a l  frequency a t  t h e  
expense of t h e  sidebands i s  t h e  f avorab le  g a i n  condi t ions .  I f  
t h e  sidebands were more numerous and c l o s e l y  spaced, it i s  
conceivable  t h a t  the  random choice  of  t h e  i n i t i a l  phases might 
f a v o r  some sideband not  f a r  from the cen te r ,  i n  sp i t e  of  i t s  
r e l a t i v e l y  lower ga in .  However, w i t h  only 9 f requencies  covering 
t h e  e n t i r e  passband, even the  f i r s t  sidebands have a g a i n  so much 
lower t h a t  t h e  combinations of  i n i t i a l  phases requi red  t o  produce 
a build-up of anything but  t h e  c e n t e r  frequency i s  extremely 
u n l i k e l y  and never occurred i n  t he  l i m i t e d  number of t r ia ls  we  
made. 
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..-. IV .  INCOHERENT RADIATION 
1. Descr ip t ion  of the Radia t ion  F i e l d  
We s h a l l  now s p e c i f y  t h e  n a t u r e  of  the  r a d i a t i o n  f i e l d  E ( 0 , t )  
h i t t i n g  the  e n t r y  p lane  z = 0. A q u a l i t a t i v e  p i c t u r e  o f  incoherent  
l i g h t  i s  a s u p e r p o s i t i o n  o f  many f r equenc ie s  w i t h  uncorre la ted  
phases and p o s s i b l y  f l u c t u a t i n g  i n t e n s i t i e s .  - If the  complex 
amplitude E(0 ,R)  of the  Four i e r  t ransform of  E ( 0 , t )  i s  w r i t t e n  i n  
p o l a r  form a s  
A2(n) g ives  t he  i n t e n s i t y  and e(n) t h e  phase of the p a r t i c u l a r  
2 frequency R. 
around a n  average va lue  I ( n )  which i t s e l f  may vary smoothly wi th  Q 
We would t h e r e f o r e  assume t h a t  A (0) i s  f l u c t u a t i n g  
and t h a t  e(n) i s  an e r r a t i c  f u n c t i o n  of n whose va lues  a r e  d i s -  
t r i b u t e d  w i t h  a uniform p r o b a b i l i t y  d e n s i t y  between 0 and 2a. 
(By an e r r a t i c  f u n c t i o n  w e  mean t h a t  any sequence of va lues  o f  the  
func t ion  passes  the randomness t es t s  . ) 
The incoherent  c h a r a c t e r  of  the  f i e l d  impl ies  t h a t  the  phases 
o f  two d i s t i n c t  f requencies ,  no mat te r  how c lose ,  a r e  t o t a l l y  uncor- 
r e l a t e d .  I n  p r a c t i c e  o f  course,  t h e r e  w i l l  be a very smal l  frequency 
c a l l e d  the  coherence range such t h a t  f r equenc ie s  wi th in  t h e  same 
v C  
coherence range do have c o r r e l a t e d  phases, however, vc  w i l l  be 
assumed t o  be much smal le r  than  a l l  o t h e r  f requencies  r e l e v a n t  
t o  t h e  problem. 
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The F&rier transform of a signal with a discrete set of 
frequencies can be written as 
where 60 is the spacing of the allowed frequencies. 
the complex amplitudes En are dimensionless.) 
is proportional t o  
(Note that 
The total energy 
W = C !En I*. 
n 
The assumption of no correlation can be expressed by the following 
condition on the En's 
where AR is a frequency interval around R, small compared t o  the 
bandwidth of the medium, but large compared t o  ban, The notation 
n E: A n  means that nSR f a l l s  inside the interval A n  (see Fig. 2). 
The limit in (47) must be understood in the probabilistic sense. 
In more precise terms, given any 8 > 0 and 0 < Po < 1, we can choose 
N so large that the probability of having 
++ ' EnEn+nl < €  
n €An 
0' is larger t h a n  p 
- 17 - 
When n '  = 0-3 Eq,  (47) becomes t h e  de f in ing  r e l - a t ion  f o r  the  func t ion  
I(n) which can be recognized a s  the s p e c t r a l  d e n s i t y  s i n c e  we have, 
from (4.6) and (47) 
2. Der iva t ion  o f  t h e  Reduced Equation 
For a d i s c r e t e  spectrum l i k e  t ha t  of (45), Eq. (43) becomes 
where 
Dn = D(n6R) and Fn, = F(nfS0) . (51) 
- 
Subdividing the  0 axis i n t o  small i n t e r v a l s  An over w h i c h  D(h2) 
and F(S2) remain p r a c t i c a l l y  cons tan t ,  we have 
NOW, if N = AQ/&h i s  a very  l a r g e  number, we can use (47)  t o  
t ransform (52) i n t o  
where we used 
FO = F(0)  = 2  (54) 
and 
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1 * .  ..-. L(n) = z[D(n) + D ( n ) ]  = &.,/(YEb + n2) 0 . (55) 
SE Applying the  o p e r a t o r  (An)- '  
we f i n d  
C En t o  both  sides of  Eq. (53),  
neAh2 
ar /az  = 2 [ G ~ ( n ) - x ] I ( n )  - ~ ~ L ( ~ ) I ( ~ ) S L ( O ~ ) I ( R ~ ) ~ W  (56) 
where the  d i s c r e t e  sum of (53) has now been replaced by an i n t e g r a l .  
To summarize t h e  s i t u a t i o n ,  we  have transformed Eq. (43)  involv ing  
amplitudes and phases, i n t o  Eq. (56) involv ing  t h e  spectral  d e n s i t y  
I ( z , Q )  by assuming t h a t  t he  r a d i a t i o n  h i t t i n g  t h e  e n t r y  p lane  z = 0 i s  
incoherent  as expressed by t h e  cond i t ion  (47). 
Since we d o n ' t  y e t  know whether t he  r a d i a t i o n  f i e l d  remains 
% i n c o h e r e n t  as .it t rave ls  through the  a c t i v e  medium, w e  can only  
claim We w i l l  now show t h a t  
t h e  f i e l d  a t  some small depth  Az i s  a l s o  incoherent .  Defining 
t h a t  Eq. (56) holds  a t  z = 0. 
M(z) = 1-4JL(R')1(z,R')dClr (57) 
we* can w r i t e  (53) as 
and we u s e  it t o  c a l c u l a t e  
The f i r s t  term on t h e  r i g h t  hand s i d e  becomes 
- 19 - 
and the  second term i s  given by a s i m i l a r  expression,  s o  t h a t  
..-. 
_ _  
Hence 
- 'n1,o I ( ~ z , n )  ( 6 2 )  
We have thus  proved t h a t  t h e  f i e l d  obeys the  cond i t ion  (47) f o r  
incoherence a t  some smal l  depth Az and w e  may, by induct ion ,  
extend t h e  r e s u l t  t o  any depth z .  
any poin t  of  t h e  medium and i s  w r i t t e n  a s  
Therefore  Eq. (56) holds  a t  
. .  
a 1  ( z , n) /a z = [ L ( n ) - x  1 I ( z , n) - 4 ~  ( Q ) I ( 0) JL ( ) I ( 0 ) do ( 6 3 )  
af ter  express ing  ' z  and x i n  u n i t s  of (2S)-' and g, r e s p e c t i v e l y  
We have gone through cons ide rab le  de t a i l  t o  show how under 
t h e  assumption of incoherent  r a d i a t i o n ,  Eq. (43) becomes Eq. (53) 
which i n  t u r n  g ives  Eq. (63).  
t h e  same r e s u l t  i s  obtained by formal ly  r ep lac ing  t h e  i n n e r  
i n t e g r a l  i n  (43) by 
It can be noticed, however, t h a t  
JdSl "E( s2 ) E* ( S? -0 ) [ D( I) " ) +D* ( R -0 ) ] - 6 ( R 1 ) JdS7 "I ( R I t )  [ D( 0 " ) +D* ( n2'))1 
I n  f u t u r e  d e r i v a t i o n s  t h i s  s h o r t c u t  w i l l  .be used r a t h e r  than  going 
through t h e  same exac t  d e r i v a t i o n  over and over aga in ,  
{ 6 f 
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The p h y s i c a l  meaning of EQ.' (63) i s  very  simple. The 
increment i n  t h e  s p e c t r a l  d e n s i t y  i s  t h e  d i f f e r e n c e  of two terms. 
The f i r s t  term i s  a n e t  l i n e a r  ga in  or  l o s s  w i t h  a Lorentz ian  
p r o f i l e  
G(h2) = L(fl)'K (66) 
shown i n  Fig.  3, and from which it i s  c l e a r  t h a t  only those  
f requencies  around S I  = 0 ( v  = a) such t h a t  G(n) > 0 w i l l  be 
amplif ied.  I n  t h e  absence of t h e  non l inea r  term, the l i n e a r  
g a i n  would produce an exponent ia l  growth of a l l  frequency com- 
ponents w i th in  t h e  passband and an i n c r e a s i n g  sharpness of  t h e  
s p e c t r a l  p r o f i l e .  . It i s  seen .from. t h e  second term t h a t  t h e  
s a t u r a t i o n  f a c t o r  
S ( Z )  = 4 J L ( R f ) 1 ( ~ , 0 ' ) d R '  , (67)  
i s  a weighted s u i  of c o n t r i b u t i o n s  from a l l  f requencies .  L Expressed 
i n  d i f f e r e n t  terms t h i s  means tha t  t h e  va r ious  frequency components 
of t h e  f i e l d  a c t  on t h e  medium independently and then  i n  t u r n  each 
frequency component s ees  t h e  o v e r a l l  s a t u r a t i o n ,  This  simple type  
of i n t e r a c t i o n  i s  of course a d i r e c t  consequence of d e a l i n g  w i t h  
an incoherent  f i e l d .  There i s  here an analogy w i t h  i n t e r f e r e n c e  
experiments i n  which two beams of l i g h t  are superimposed. When 
t h e  beams are cohere-nt, t h e  e l e c t r i c  f i e l d  amplitudes add up, 
whi le  one only  g e t s  an a d d i t i o n  of t h e  i n t e n s i t i e s  i f  the  beams 
are incoherent .  
3: I n v e s f i g a t i o n  of t h e  So lu t ions  
We shal l  now proceed t o  i n v e s t i g a t e  t h e  so lu t ions '  o f  Eq. 
We may f i r s t  n o t i c e  t h a t  t h i s  equat ion con ta ins  t h e  (63). 
p o s s i b i l i t y  of o s c i l l a t i o n  a t  any s i n g l e  frequency wi th in  t h e  
g a i n  bandwidth. S e t t i n g  
P .  
and s u b s t i t u t i n g  i n t o  (63) w e  get  
dA/dz = [L(R,)-x]A(z) - 4-[L(nO)A(z)]* (69) 
33 which i s  similar t o  an equat ion obta ined  i n  ou r  prev ious  work. 
Equation (69) g ives  a l i m i t i n g  va lue  f o r  A(z) 
T h i s  approach may be gene ra l i zed  by wr i t i ng ,  i n s t e a d  of  (68) 
a sum of many 6-funct ions 
One would t h e n  o b t a i n  coupled equat ions  f o r  t h e  va r ious  amplitudes Ai. 
which imply t h a t  i f  Ak(z) i s  zero  i n i t i a l l y ,  it remains zero.  
t h e  gene ra t ion  of combination t o n e s  i s  now excluded from t h e  theoi-y,  
One should n o t  be s u r p r i s e d  by t h i s  r e s u l t  s i n c e  t h e  d e r i v a t i o n  
Thus 
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of Eq. (63)-'was based on t h e  assumption t h a t  between any two 
d i s c r e t e  f r equenc ie s  such as nk and b)k+l there  a c t u a l l y  i s  a 
very  l a r g e  number of in te rmedia te  f requencies  w i t h  uncorre la ted  
phases.  
quasi-continuum of f r equenc ie s .  
The equat ion  should t h e r e f o r e  only  be appl ied t o  a 
To i n v e s t i g a t e  t h e  p o s s i b i l i t y  of a s t a t i o n a r y  s o l u t i o n  
by which we mean 
I ( 2 , Q )  = 1(a) (73) 
we  s e t  t h e  l e f t - h m d  s i d e  of (63) equal  t o  zero  and ob ta in  
JL(.Or ) I (Q')d62 '  = [L.(C!)-u]/4L(Q) (74) 
af ter  c a n c e l l a t i o n  by I(C!). 
satisfied f o r  a l l  va lues  of R,  it appears t h a t  s t a t i o n a r y  so lu t ions  - 
a r e  not  i n  genera l  p o s s i b l e .  Indeed t h e  numerical  i n t e g r a t i o n  
of (63) s t a r t i n g  w i t h  
Since t h i s  r e l a t i o n  cannot be 
I(0,hZ) = s m a l l  cons tan t  (75) 
shows ( s e e  Fig.  4) t h a t  t h e  s o l u t i o n  becomes inc reas ing ly  peaked 
a t  C! = 0 thus  asymptot ica l ly  approaching t h e  s o l u t i o n  (68) f o r  
slo = 0, w i t h  
A(Q)) = (1- )~) /4  (76) 
i n  agreement w i t h  ( T O ) .  Loosely speaking we  w i l l  say t h a t  6(Q) 
i s  a s t a t i o n a r y  s o l u t i o n  f o r  Eq. ( 6 3 ) ,  meaning t h a t  there i s  an  
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a c t u a l  s o l u t i o n  I ( z , Q )  such t h a t  
It can be no t i ced  t h a t  a sum of  more than  one 6-funct ions cannot 
be a s t a t i o n a r y  s o l u t i o n  s i n c e  s e t t i n g  t h e  l e f t  hand sides equal  
t o  zero  i n  ms. (72) r e s u l t s  i n  a set  of mutual ly  i n c o n s i s t e n t  
equat ions  f o r  the amplitudes Ai. 
I n  t he  except iona l  ca se  K = 0, t h e  s o l u t i o n  does s e t t l e  down 
t o  a s t a t i o n a r y  form j u s t  as soon as (74) i s  sat isf ied.  However, 
it w i l l  b e  seen l a t e r  t h a t  t h i s  i s  only  an unphysical p e c u l i a r i t y  
of the t h i r d  order  equat ion.  
4.. Strong .-Signal Theory 
The basic Eqs. (37) were decoupled us ing  an i t e ra t ive  ap- 
proach and t r u n c a t i n g  a t  t h i r d  o r d e r  on t h e  assumption of a weak 
s i g n a l .  It i s  i n  p r i n c i p l e  p o s s i b l e  t o  write down the i t e r a t ive  
s o l u t i o n  t o  any o r d e r  but t he  terms of h igher  o r d e r  become i n -  
c r e a s i n g l y  complicated and the  summation of the series does no t  
seem t o  be feasible.  However, we w i l l  be  able t o  carry out t h i s  
summation i n  our  problem by us ing  t h e  s i m p l i f i c a t i o n s  brought 
about by t h e  assumption of incoh&rence. 
S t a r t i n g  again w i t h  t h e  expansion (38) .we success ive ly  
o b t a i n  from (37) . 
N ( O )  = a(n) ( 78)  
P(') = D(R)E(z,n) (79) 
Using the  r e c i p e  of (65) we know tha t  f o r  an incoherent  E, the  
l a s t  express ion  reduces t o  
We may then  proceed t o  f i n d  
~ ( 3 )  = - s ( ~ ) D ( R ) E ( ~ , R )  . 
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. .  
I n  o r d e r  to-’der ive the  gene ra l  formula for P(2m+1) by induct ion ,  
we assume 
where the z dependence of S and E i s  understood. 
S u b s t i t u t i o n  i n t o  (37c) g ives  
N(2m+2)= -(S)m F(n)ld6alE(hE1)E*(n’ - Q ) [ D ( n f )  + D*(n1-62)]  (84) 
= ( -s)m+la(na) > 
hence 
which proves formula (83). We may now sum the series expansion 
03 
P = C P(2r?+1) = D ( Q ) E ( R )  c ( - s ) ~  = D ( R ) E ( O )  ( i + s ) - l  (86) 
m=o m=o 
and w r i t e  EQ. (37a) as 
which us ing  (67) imp]-ies 
a 1  ( Z, n) /& ’= { - X  + L( n)/( i+4 j ’~ (  0 1  ) I( Z ,  R 1 )dol ) 11 ( Z >  n) ( 88) 
a f t e r  u s ing  t h e  s c a l i n g  ind ica t ed  i n  ( 6 4 ) .  
Equa t ion - (88 )  i s  the  exac t  fo rm o f  Eq. (63)  and has much t h e  sane 
behaviour a s  t h e  l a t t e r ,  namely i t s  s o l u t i o n s  approach 6(n) 
. .  
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..- 
as z -, a. 
parameter i s  
According t o  (88) t h e  l i m i t i n g  va lue  of t h e  expansion 
-1 
S(m) = 4fL(C11)I (m,Q' )df i '  = x ' 1 9  
The condi t ion  f o r  the  asymptotic v a l i d i t y  o f  t he  t h i r d  o r d e r  
expansion (63) appears  then  t o  be 
For a proper  s t a t i o n a r y  s o l u t i o n  I ( 0 )  t o  e x i s t  i n  t h i s  case,  we  
must have 
J L ( R ' ) I ( Q ' ) d n '  = [L(R)-x  ]/4x 
which i s  impossible  even f o r  x = 0. Therefore  t he  s t a t i o n a r y  
s o l u t i o n  obtained i n  t h e  preceeding s e c t i o n  f o r  t he  case  1c = 0 
i s  no t  only unphysical on t h e  grounds t h a t  one can never-have 
e x a c t l y  u = 0 ,  but  it 'is also due t o  an a c c i d e n t a l  mathematical 
f e a t u r e  of Eq, (63) which does not  belong t o  t h e  exac t  Eq. (88). 
A s  an i l l u s t r a t i o n  of (88) we have numerical ly  i n t e g r a t e d  
it s t a r t i n g  again wi th  a no i se  l eve l  white  spectrum, and f o r  
s e v e r a l  va lues  of t h e  parameter n (see Fig.  5) .  For each case 
we have a l s o  p l o t t e d  t h e  t o t a l  energy and t h e  s p e c t r a l  w i d t h  as 
a func t ion  of z .  See Figs .  6 and 7. 
The most general. Stcedy-St8te sr:l.ution of  Lq. (88) i s  of t h e  form 
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..-. 
I(Q) = A6(Q-Qo) 
Ifhere no i s  an a rb i t ra ry  frequency wi th in  t h e  passband. Sub- 
s t i t u t i n g  (92) i n t o  Eq. (88), one f i n d s  t h a t  A and no must be 
r e l a t e d  by 
X. = I;( Qo)/[l + 4AL( a,)] -* (93) 
It w i l l  now be shown t h a t  t h e  s o l u t i o n  (92) i s  s t a b l e  only  i f  no = 0 .  
Per turb ing  t h e  s o l u t i o n  ( 9 2 )  by a small amount G ,  w e  s u b s t i t u t e  
I ( z , ~ )  = A6(61-n0) + G ( z , ~ )  (94) 
i n t o  m, (88) and o b t a i n  
ae(z,n)/az = {~a(n-n,) + c ] { - x  + ~ ( n )  [I + 4&(n0) 
The c o r r e c t i o n  G occurs  i n  both  c u r l y  brackets. F i r s t  o r d e r  terms 
are t h e r e f o r e  obtained by n e g l e c t i n g  G i n  e i t h e r  one of t h e  two 
bracke ts .  If t h e  G of t h e  f irst  bracke t  i s  neglected,  the  re- 
maining express ion  i s  p r o p o r t i o n a l  t o  6 ( R - R o )  and t h e r e f o r e  g ives  
t h e  c c r r e c t i o n  t o  t h e  6-funct ion.  By n e g l e c t i n g  G i n  t h e  second 
bracke t  w e  can f i n d  ou t  about t h e  s t a b i l i t y  a t  o t h e r  f r equenc ie s .  
Equation (95) then  reduces t o  
and- us ing  (93) t o  
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For t h e  sol-tkion ( 9 2 )  t o  be s table  we must t h e r e f o r e  have 
L(R) 5 L(no)  f o r  all R ( 9 8 )  
which i s  only p o s s i b l e  i f  6) = 0 .  
0 
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.e. 
V. DOPPLER BROADENING 
A. Der iva t ion  of  t h e  Equation --- ~ L A . U  2 h d L d R - - . ~ . f i -  
If a group of m o l e c d e s  i s  moving w i t h  v e l o c i t y  v, t he i r  
resonance frequency i s  effect ively sh i f ted  by an amount Kv 
where t h e  wave number i s  def ined  as 
K = CU/C . 
To lowest order ,  t he  p a r t i a l  po la r . i za t ion  P(v, z, t)  and popula t ion  
inve r s ion  N(v, z, t )  can be  obtained from the corresponding express ions  
(24b) and ( 2 4 ~ )  f o r  t he  case v = 0 ,  by s imply s u b s t i t u t i n g  aeff 
f o r  03. The use  of t h i s  r e c i p e  was j u s t i f i e d  i n  t h e  prev ious  work. 33 
Carrying ou t  the 'narrow passband approximation along t h e  l i n e s  of 
See. 111-3, we f i n d  
- 
a E ( ~ , n ) / a z  = 'HE + QP(z,n) ( l o l a , )  
( I O l b )  P(v, z ,n)  = D(R-Kv)JN(v, z ,n t  ) E (  z,Q-R' )do1 
* 
M(v,z,Q) = w(v)s(n) - F( 0 )  Sdn1 [ P( v, z,Rt ) E  (z,hz* - 0 2 )  
+ E( z , R ) P*( v, z, h z t  -0 )  ] (101c) 
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where 3c, QC'D(62), F(h>) were 
r e s p e c t i v e l y  and W(v) i s  t h e  v e l o c i t y  d i s t r i b u t i o n  func t ion .  
We may bu i ld  an i t e r a t i v e '  s o l u t i o n  of (101b) and (101~) 
def ined  by ( 2 5 ) ,  (26), ( 2 9 ) ;  (27)  
j u s t  as i n  t h e  case  of fixed molecules ( v  = 0 ) .  
of t h e  p o l a r i z a t i o n s  of var ious  o rde r s  g ives  i n  t h i s  case  
The summation 
P ( V , Z , R )  = W ( V ) D ( ~ - K V ) E ( Z , ~ ) C ~  + s ( V , z )  7' (102) 
where 
S(V,Z)  = LCJdR'L(62' - K v ) I ( z , Q ' )  (103) 
The t o t a l  p o l a r i z a t i o n  P(z,R) i s  obtained by i n t e g r a t i n g  t h e  
expression (102) over  v. Using the  n o t a t i o n  
end t h e  s c a l i n g  of (64), Eq. ( 1 0 1 a )  y i e l d s  
I n  connect ion w i t h  t h i s  equat ion  we s h a l l  d e f i n e  t h e  s m a l l  s i g n a l  
ga in  p r o f i l e  
G(S1) = fdVW(v)L(R-Kv) , (106) 
t h e  e f f e c t i v e  ga in  p r o f i l e  
Q(z ,n )  = ~dvW(v)L(n-Kv>[ l  + 4 ~ L ( Q t - K v ) I ( z , n ' ) d n r  1 - l  (107) 
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. .  
and t h e i r  n-ormalized form 
G'(S2) = G(R)/G(O) 
t o g e t h e r  w i t h  t h e  normalized l i n e a r  l o s s  
K' = x / G ( O )  . 
Using t h e  a p p r o p r i a t e l y  sca l ed  d i s t a n c e  
Z' = G ( O ) z  , 
w e  can w r i t e  m. (105) i n  a compact form as 
B. Two-Velocity Case 
< ' L w - -  
The simples6 kind o f  Doppler broadening occurs  when t h e  
medium c o n s i s t s  of two groups of molecules moving with d i f f e r e n t  
v e l o c i t i e s .  One may t h e n  assume without  l o s s  
t h e  two v e l o c i t i e s  are of  equal  magnitude and 
2 u. If there  are equal  numbers of molecules 
t h e  ga in  p r o f i l e  i s  simply 
G l ( S 2 )  = $[L(n-Ku) + L(O + Ku)]/L(Ku) 
of g e n e r a l i t y  tha t  
oppos i te  s ign,  say 
of each v e l o c i t y ,  
F igures  8 and 9 i l l u s t r a t e  t h i s  p r o f i l e  f o r  Ku = 0.2 yab and 
KU = yabJ r e s p e c t i v e l y .  
occurs  a t  K% = 0.58 yab. 
The t r a n s i t i o n  between the  two shapes 
It would t h e r e f o r e  be d e s i r a b l e  t o  
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i n v e s t i g a t e ’ t h e  two-veloci ty  case  f o r  Ku KuR and Ku < KuR. 
1. Numerical I n t e g r a t i o n  
The c a l c u l ~ a t i o n s  show t h a t  f o r  Ku = 0.2 yab, a f l a t  inpu t  
spectrum evolves i n t o  a sharp peak around 0 = 0 ,  no t  u n l i k e  
t h e  case  of homogeneous broadening, while f o r  Ku = yabJ t h e  
same inpu t  evolves i n t o  two peaks l o c a t e d  a t  t he  m a x i m a  of t h e  
corresponding ga in  curve.  These results are i l l u s t r a t e d  i n  
F igs .  10 and 11. 
For t h e  case Ku = 0.2 yab w e  have i n t e g r a t e d  t h e  equat ion  
s t a r t i n g  with an inpu t  c o n s i s t i n g  of two sharp peaks around 
= k 0.2 yabJ and have found a gradual  merging of the  t w o  peaks 
i n t o  a s i n g l e  one around 0 = 0, as seen i n  Fig.  12, This  r e s u l t  
i n d i c a t e s  t h a t  t h e  eventua l  outcome depends on the  shape of t he  
g a i n  curve r a t h e r  than  on t h e  inpu t .  For a d d i t i o n a l  confirmation, 
we considered t h e  case  Ku = yaby but  w i t h  unequal weights W(u) = 0.6 
and W(-u) = 0.4. The ga in  p r o f i l e  f o r  t h i s  case  i s  shown i n  Fig.  13. 
Numerical i n t e g r a t i o n  i n  t h i s  ca se  e x h i b i t s  t h e  formation of a 
ab l a r g e  peak around R = yab and of a smaller one around 0 = 
(see Fig.  14) .  
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2. Steady-State  So lu t ions  
..-. 
We can g a i n  i n s i g h t  i n t o  the  a lgebra  underlying these 
numerical  r e s u l t s  by s tudying  t h e  s t eady  s t a t e  s o l u t i o n s  of 
Eq. (1.12). By i n s p e c t i o n  one can see t h a t  these must c o n s i s t  
of 6-functions.  The simplest  such s o l u t i o n  i s  t h e r e f o r e  
I(n) = A 6 ( R )  
For t h e  two-veloci ty  case,  w i t h  equal  weight, we find t h a t  A 
must s a t i s f y  
- 1)/4L(Ku) . -1 A = ( X I  
Another p o s s i b l e  s o l u t i o n  i s  
i n  which case w e  f i n d  
where G 1  i s  t h e  g a i n  func t ion  o f  (113). More g e n e r a l l y  it i s  
poss ib l e  t o  f i n d  s o l u t i o n s  o f  t he  form 
(118) 
but s o l u t i o n s  conta in ing  more than  two 6-functions do not  e x i s t .  
T h i s  can be seen by s u b s t i t u t i n g  
..-. 
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i n t o  Eq. (112)  and equat ing  t o  zero  the  c o e f f i c i e n t s  of the  
&-funct ions ,  We f i n d  a s e t  of  N simultaneous equat ions  
G + L ( R ~  - KU) + G - L ( Q ~  + KU) = IN,' > i = 1>...> N (120) 
where 
N -1 
= (2L(Ku)[l. + 4 C AiL(Ri Ku)]} . 
i=1 . G, 
(123. ) 
Equations (1.20) a r e  incompatible if t h e r e  a r e  more than  two 
d i s t i n c t  f requencies  Q i 
t o  t h e  case of .n d i s c r e t e  v e l o c i t i e s ,  f o r  which one can f i n d  
s t e a d y - s t a t e  s o l u t i o n s  c o n s i s t i n g  of up t o  n &funct io%s.  
T h i s  r e s u l t  can e a s i l y  be genera l ized  
S t a b i l - i t y .  We s h a l l  now i n v e s t i g a t e  t h e  s t a b i l i t y  o f  t h e s e  
s t e a d y - s t a t e  s o l u t i o n s .  Choosing t o  work, for s i m p l i c i t y ,  w i t h  
t h e  s o l u t i o n  (116), w e  set 
and s u b s t i t u t e  i n t o  Eq. (l12) t o  f i n d  
-1 
ac(z,R)/az = c ( z , Q ) { -  K' + G1(R)[l + 4AL(Ku)G'(Ro)] } (123) 
. 
a f t e r  dropping a term p r o p o r t i o n a l  t o  6(62 - no) + S(n + no) 
f o r  t h e  reasons i n d i c a t e d  i n  Sec. IV .  4. Using ( l l 7 ) ,  Eq. (123) 
can be wp i t t en  a s  
From Eq. (124)  i t  can be i n f e r r e d  t h a t  a t  p o i n t s  o f  t h e  n a x i s  
where G ' ( n )  > G ' ( 0  ) , s (z , f ) )  w i l l  grow. Thus f o r  (11.6) to be 
a completely s t a b l e  s o l u t i o n ,  0, must correspond t o  an  a b s o l u t e  
maximum of  t h e  ga in  G I  (n) . 
0 
For t he  case of  t h e  unsymmetrical g a i n  p r o f i l e  o f  F ig .  1.3 
i t  can be shown by a s i m i l a r  argument t h a t  there e x i s t s  a s t a b l e  
s o l u t i o n  of t h e  fo rm (1.18). The a lgebra  i s  more involved and t h e  
proof  l e f t  t o  Appendix A .  
C .  Continuum .of V e l o c i t i e s  
L f V d X b . .  , --&--A- 
I n  p r a c t i c e  t h e  molecules o f  t h e  cloud a r e  i n  thermal motion 
and have a continuous d i s t r i b u t i o n  of  v e l o c i t i e s  which can be 
assumed t o  be Maxwellian 
The normalized weak s i g n a l  ga in  p r o f i l e  i n  t h i s  case i s  
where Zi denotes  t h e  imaginary p a r t  o f  the  plasma d i s p e r s i o n  
func t ion  
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f o r  
Figure 15 i l l u s t r a t e s  t h i s  f u n c t i o n  f o r  yab/Ku = 1 . 
1, Doppler L i m i t  (Ku >> yab) . 
I n  t h i s  l i m i t  Eq. (126) reduces t o  
Gt(n) = exp[- Q2/(Ku)"] 
(1.28) 
A s i m i l a r  l i m i t i n g  fo rm may be obtained f o r  the  d i f f e r e n t i a l  
equat ion (1.12) i t s e l f  . Assuming t h a t  the  s p e c t r a l  d e n s i t y  
I(z,Q) v a r i e s  slow1.y i n  a frequency range o f  t h e  order  of yab, 
t h e  s a t u r a t i o n  i n t e g r a l  S(v ,z )  def ined  i n  (103) can be approximated 
by 
- 
s ince  i n  t h e  l i m i t  yab/Ku -, 0, t he  Lorentzian L a c t s  l i k e  a 
6 func t ion .  
the  v e i o c i t y  average, w e  f i n d  a s  the l i m i t i n g  form of Eq. (112) 
Using t h e  same type  of apm?oximation t o  eva lua te  
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This  equa-tion can be i n t e g r a t e d  i n  cl.osed form and the  i m p l i c i t  
s o l u t i o n  i s  given by 
where 
< = R/Ku 
and 
" . 
It can be seen  f r o m  (1.32) t h a t  t h e  asymptot ic  l i m i t  of t h i s  
s o l u t i o n ,  a s  z 4 a, i s  
where QC d e f i n e s  t h e  half-width o f  t h e  passband and i s  given,  
i n  t h e  'Doppler l i m i t ,  by 
The phys ica l  i n t e r p r e t a t i o n  of the  s i m p l i f i e d  Eq. (131) becoixes 
c l e a r  i f  one compares it t o  the exact  Eq. (112) .  It i s  seen ?ram 
the  express ion  (130) f o r  t he  s a t u r a t i o n  term S(z,v) ,  t h a t  o s c i l l a -  
t i o n  a t  any frequency 0 '  s a t u r a t e s  t h e  medium f o r  f requencies  
l y i n g  i n  a small. range of t he  o r d e r  of yab around t h a t  frequency 
0 ' .  I n  the DoDpler l i m i t  t h i s  range i s  very  s m a l l  compared t o  
t h e  o v e r a l l  w i d t h  of t he  spectrum which i s  of t h e  order  of Ku, 
and the  i n t e r a c t i o n  of the  va r ious  frequency components i s  neg- 
l e c t e d ,  t hus  l e a d i n g  t o  the  s i m p l i f i e d  Eq. (131.) according t o  
which the  Crequency components Dropagate independent ly  of each 
o t h e r .  However, i t  w i l l .  be seen t h a t  t h i s  apxroximation changes 
t h e  n a t u r e  of t h e  s o l u t i o n s  of the  equat ion.  The frequency i n t e r -  
a c t i o n ,  a l though r e s t r i c t e d ,  should not  be neglected * 
2 .  S teady-Sta te  So lu t ions  
Besides t h e  usual. &func t ion  s t e a d y - s t a t e  sol 'utions,  which 
w i l l  be d iscussed  l a t e r ,  Eq. (112) admits a new kind of' s teady-  
s t a t e  s o l u t i o n .  Indaed, t h e  bracke t  on the r i g h t - h a n d . s i d e  of 
the 
choice of I( n) which would make t h e  v e l o c i t y  average independent 
equat ion  can be made t o  vanish  i d e n t i c a l . l y  b$ a s u i t a b l e  
of 0. More p r e c i s e l y  w e  must have 
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T h i s  e q u a l i t y  will h o l d  f o r  every R i f  
where 
The i n t e g r a l  equat ion  (1.38) can be i n v e r t e d  by t a k i n g  t h e  Four i e r  
t ransform of b o t h  s i d e s  o f  the  equat ion .  Using the  Four i e r  t r a n s -  
form of t he  Lorentzian 
and an  a l t e r n a t i v e  i n t e g r a l  r e p r e s e n t a t i o n  of  t h e  plasma d i s p e r s i o n  
func t ion  
( 141. ) 
one ob ta ins  
- 1. 
= (4"yab 1 [ w ' - l Z i ( s  + i q ) / z i ( i q )  - 13 
I n  the l i m i t  q -, 0, t h e  plasma func t ion  becomes a Gaussian and 
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one recoykrs  t he  express ion  (134). 
The s o l u t i o n  (142), f o r  t h e  s p e c t r a l  dens i ty ,  l i k e  (134), 
becomes nega t ive  o u t s i d e  t h e  passband (In1 B Qc).  
p h y s i c a l l y  unacceptable .  
s imi1 .a~  t o  (135) cannot be u s e d  Ln t h i s  case because i t  would 
n o t  be a s o l u t i o n  o f  the  exac t  Eq. (11.2), but only an approximate 
s o l u t i o n  provided Ku >> yab. 
can say  t h a t  i n  the  Doppler l i m i t ,  t h e  s o l u t i o n  o f  t he  exact  
Eq. (112) w i l l  behave very much a s  p red ic t ed  by i t s  l i m i t i n g  
form (131). 
but once t h i s  s t a g e  i s  a t t a i n e d ,  t h e  approximate equat ion  p r e d i c t s  
T h i s  i s  
However, a t runca ted  form o f  (142) 
A s  a r e s u l t  o f  t h i s  a n a l y s i s ,  we 
Namely, it w i l l  c l o s e l y  approach t h e  f u n c t i o n  (1.35), 
t h a t  t h e  s o l u t i o n  w i l l  s t a b i l i z e ,  whereas according t o  the  exact  
equat ion  it w i l l  n o t .  
I n  t h e  gene ra l  case,  Eq; (112) a d m i t s  a sum o f  any number of 
&func t ions  a s - s t e a d y - s t a t e  s o l u t i o n s .  For the s implest  case o f  
a s i n g l e  &funct ion ,  we f i n d  an i m p l i c i t  va lue  f o r  t he  amglitude 
A, by s u b s t i t u t i n g  t h e  expression (114) i n t o  Eq. (112). 
o r  i n  a more convenient fo rm f o r  g r a p h i c a l  s o l u t i o n  
Solving (144) y i e l d s  a p o s i t i v e  value f o r  A i f  0 < e 1 
(as  seen i n  F ig .  16), which i n  the Dcpuler l i m i t  becomes 
P 
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..-. 
. .  
(145) 
-2 - 1) 0 1 A = -q ( X I  
T h i s  6-function s t e a d y - s t a t e ,  which i n  t he  case o f  homogeneous 
broadening was shovm t o  be s t a b l e  under a l l  circumstances,  will 
now prove t o  be s t a b l e  only  under c e r t a i n  cond i t ions .  S u b s t i t u t i n g  
I ( z , n )  = A 6 ( R )  + c ( z , s ~ )  (146) 
I n t o  Eq.  (112) and dropping a s  before  a term proDortiona1 t o  
6(n), w e  f i n d  
" (147) - 
Using f o r  i t s  value (143), w e  can wri te  t h i s  r e s u l t  a s  
aC/az = e(f(n) - r(o)} (148) 
where f ( n )  is the  second term i n  t h e  c u r l y  bracke t  i n  (147). 
It i s  seen f r o m  (148) t h a t  f o r  f requencies  n such t h a t  
f(s2) > f ( O ) ,  s ( z , O )  w i l . 1  grow, hence t h e  s o l u t i o n  w i l l  be s t a b l e  
only i f  f ( n )  h a s  an a b s o l u t e  maximum a t  S1 = 0. Depending on t h e  
va lues  .of t h e  parameters Ku and A, f (n) i s  e i t h e r  a bell-shaped 
func t ion  w i t h  an a b s o l u t e  maximum a t  R '= 0 o r  a double-peaked 
func t ion  w i t h  a r e l a t i v e  minimum a t  Q = 0. The f i rs t  case  
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corresponds t o  a nega t ive  va lue  of t h e  second d e r i v a t i v e  a t  
R = 0 and the  second case  t o  a p o s i t i v e  value.  For the  s o l u t i o n  
t o  be s t a b l e  we must t h e r e f o r e  have 
d2f(0)/dn2 5 0 , 
o r  
2 2  fd(Kv)exp(- v /U )g(A, Kv) 5; 0 
w i t h  
-I 2 g(A,Kv) = [l + 4AL(Kv)] d L(Kv)/dKv2 . 
(149) 
S e t t i n g  t h e  right-hand s i d e  of (150) equal  t o  zero d e f i n e s  a 
curve i n  the  (A,Ku)  Dlane which s e p a r a t e s  the  reg ion  07 s t a b i l i t y  
from t h e  reg ion  of i n s t a b i l i t y .  The (x1,Ku) plane i s  s i m i l a r l y  
devided i n t o  two r eg ions  s i n c e  A i s  a f u n c t i o n  of and Ku 
according t o  (1.44). The s t a b i l i t y  cond i t ion  (150) can be . 
discussed q u a l i t a t i v e l y  i n  t he  fo l lowing  way. The func t ion  
R.(A,Kv) i s  p l o t t e d  i n  F ig .  17 f o r  a few va lues  of A .  
extreme Doprs1.e~ l i m i t  (Ku -, m) t h e  i n t e g r a l  of (150) i s  
I n  the  
m o p o r t i o n a l  t o  
- 4 3 - .  
Therefore- ' in t h i s  l i m i t  t h e  s t a b i l i t y  cond i t ion  (150) 2s never 
s a t i s f i e d  excex>t f o r  A = 0 which corresnonds t o  ~ , l  = 1 ( s e e  
Fig.  1.6). 
t h a t  f o r  f i x e d  A, t h e  s o l u t i o n  w i l l  be s t a b l e  i f  Ku i s  sma l l e r  
t han  a c e r t a i n  va lue ,  delsending on A and t h e r e f o r e  on 1 ~ '  
It i s  seen  from Flg.  17 and from t h e  cond i t ion  (150) 
Ku s Kust(?tl) (1.53) 
Inve r se ly ,  f o r  f i x e d  Ku, t h e  s t a b i l i t y  cond i t ion  w i l l  be s a t i s f i e d  
if A i s  smal le r  (consequent ly  K !  l a r g e r )  t h a n  a c e r t a i n  va lue  
The l i m i t i n g  Doints a r e  given by 
and 
where t h e  l a s t  va lue  i s  given by the  r o o t  of 
rd(Kv)exD(- v 2 2  /u )[L(KV)] d 2 L(Kv)/dKv2 = 0 
. -  
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which corresponds t o  (1.50) w i t h  A = Q). 
It fol lows f r o m  t h i s  d i s c u s s i o n  t h a t  i n  t h e  ( K u , ~ ' )  p lane 
t h e  s t a b i l - i t y  curve has  t h e  shane given i n  Fig.  18 
3. Numerical i n t e g r a t i o n  
We have i n t e g r a t e d  Eq. (112) with a d i g i t a l  computer f o r  
s e v e r a l  choices  of  t he  Dopplei- w i d t h  ICu and l i n e a r  l o s s  u'. 
The cases  Ku = yabJ x 1  = 0.3 corresponding t o  a s t a b l e  &-function 
s ~ l . u t i o n  and Ku = 5yab> x' = 0.5 corresponding t o  an  uns t ab le  
&funct ion  s o l u t i o n  (See F i g . .  18) a r e  r e p r e s e n t a t i v e  of the two 
d i f f e r e n t  types  of behaviour we found. The f i r s t  case i s  i l l u s -  
t r a t e d  i n  F ig .  19 which i n d i c a t e s  t h a t  t he  s o l u t i o n  i s  approach- 
i n g  a &funct ion .  Here, the v e l o c i t y  i n t e g r a l  involved i n  
Eq. (112) was performed with the use of the Hermite-Gauss in t eg ra -  
t i o n  formula . 
. 
n 2 . 2  f m  r exp(-  v /u )Y(v)d(v/u) C WiY(uxi) 
-a2 i=1 
where t h e  x i ' s  a r e  zeros  of t h e  n t h  Hermite polynomial. Hn(x) 
and t h e  W i t s  a r e  a p p r o p r i a t e  weight f a c t o r s  (See ref .  33 See. ? T I .  G ) .  
For Ku >> yab t h i s  formula cannot be u s e f u l l y  appl ied  and t h e  
i n t e g r a t i o n  of t h e  equat ion  becomes more time consuming, because 
t h e  frequency range invol.ved i n  t he  i n t e g r a t i o n  i s  o f  t h e  ortie: 
of Ku and t h e  in t eg rands  a r e  ra.pidly vary ing  i n  a range of t h e  
order  o f  yab which f o r c e s  one t o  use a very f i n e  subd iv i s ion  o? 
t h e  n-axis,  For t h i s  reason ,  i n  t h e  p h y s i c a l l y  i n t e r e s t i n g  czse 
- 45 - 
i n  which-Ku i s  very much 1.argeP than  yabJ the  i n t e g r a t i o n  of 
Eq, (112) becomes p r o h i b i t i v e l y  expensive.  We have seen,  
however, t h a t  i n  t h i s  case (132) r e p r e s e n t s  a good approximation 
t o  t h e  exac t  s o l u t i o n ,  a t  l e a s t  over an apprec i ab le  d i s t a n c e ,  
but not f o r  z --, m . I n  the case o f  moderately l a r g e  Doppler 
broadening (Ku = 5 y a b )  which i s  shown i n  F ig .  20, the s o l u t i o n  
first develops a smooth peak, t h e n  becomes i r r e g u l a r  and d o e s  
not  evolve i n t o  a simp1.e f o r m  but shows a more and more granulated 
s t r u c t u r e  . T h i s  type  of behaviour becomes more pronounced i f  
Ku i s  increased .  
VI . CONCLUSIONS, 
We have seen i n  Sec,  I V  t h a t  t h e  propagat ion equat ions  f o r  
the  e lec t romagnet ic  f i e l d  i n  a two-level  a m p l i f i e r  can be reduced 
t o  a simple i n t e g r o - d i f f e r e n t i a l  equat ion  (112) f o r  the  s p e c t r a l  
d e n s i t y  I ( z , n )  i n  the s p e c i a l  case of incoherent  r ad iaz ion .  
The physical. content  of t h i s  equat ion  i s  t h a t  o s c i l l a t i o n  a t  any 
given frequency saturates a range of the  o rde r  o f  y around i t s e l f  ab  
When the  passband o f  t h e  medium i s  o f  t h e  order  of yab a s  
i n  most  of the  cases  w e  considered, the whole s p e c t r a l  r eg ion  cf 
i n t e r e s t  comes under the  s t r o n g  s a t u r a t i n g  infl.uence o f  o sc i l . l~a t ion  
a t  t h e  central .  frequency, t hus  g iv ing  an ever-sharpening c e n t r a l  
peak i n  t h e  s p e c t r a l  p r o f i l e .  
t h e  reg ion  of p o s i t i v z  g a i n  i s  of t h e  o r d e r  o f  Ku, provided t h a t  
i s  nbt  t o o  c lose  t o  u n i t y ,  and t h e  complete spectrum cannot 
f a l l .  under t h e  domination o f  any s i n g l e  frequency thus  l ead ing  t o  
On t h e  o t h e r  hand, i f  Ku >> yab 
.a  "chaotTCCC s i t u a t i o n .  This  type of behaviour p r e v a i l s ,  i n  t h e  
i n s t a b i l - i t y  r eg ion  shown i n  F ig .  1.8. Notice t h a t  n o ' m a t t e r  how 
l a r g e  Ku is, x 1  can be chosen s o  c l o s e  t o  u n i t y  t h a t  t he  pass- 
band i s  e f f e c t i v e l y  reduced t o  a s i z e  such t h a t  s t a b i l i t y  can be 
favoiced. It appears  t h a t  w i th in  t h e  framework of our model f o r  
maser ampl i f i ca t ion ,  t h e  s p e c t r a l  s t r u c t u r e  of the observed s i g n a l  
i s  c r i t i c a l l y  dependent on the ' g a in  th i ckness !  of t he  amplifying 
medium, on t h e  r a t i o  of t h e  Doppler w i d t h  Ku t o  the n a t u r a l  band- 
w i t h  yab and f i n a l l y  on t h e  normalized l i n e a r  l o s s  
t h e  amount by which th re sho ld  i s  exceeded. Consequently the theo ry  
can only y i e l d  es t imated  r e i a t i o n s h i p s  between these parameters.  
For example, a s p e c t r a l  w i d t h  much narrower than  t h e  Doppler w i d t h  
Ku r e q u i r e s  a cons iderable  th i ckness  but a l s o  ope ra t ion  near  thres-  
hold ( X I  On the  
o the r  hand i f  there i s  reason t o  b e l i e v e  t h a t  the  medium i s  ap- 
p rec i ab ly  above th re sho ld  and t h a t  yab << Ku, then  the w i d t h  o f  
t h e  spectrum gives  an est imated lower l i m i t  t o  the  k i n e t i c  tem- 
p e r a t u r e  of t he  medium. However, before  drawing any t h e o r e t i c a l  
conclusions of t h i s  n a t u r e  one must be assured ,  poss ib ly  through 
t h e  use  of long base l i n e  in t e r f e romet ry ,  t h a t  the  observed 
spectrum i s  t h a t  o f  a s i n g l e  source r a t h e r  than  a complex super- 
p o s i t i o n  of s e v e r a l  sources .  
which expresses  
l), o r  a n a t u r a l  bandwidth yab comparable t o  Ku. 
- 47 - 
APPENDIX A ..+. 
In t h i s  appendix we prove t h a t  i n  the  case o f  two-veloci ty  
Doppler broadening wi th  an  unsymmetrical g a i n  p r o f i l e  
G 1 ( n )  = WIL(R - KUl)  + W2L(n - K u 2 )  (A1 3 
t h e r e  e x i s t s  a s t a b l e  s t e a d y - s t a t e  s o l u t i o n  of Eq. ( 1 1 2 )  of  
the form 
S u b s t i t u t i n g  (A2) i n t o  Eq. (1.12) w e  f i n d  t h a t  the fou r  unknown 
q u a n t i t i e s  A I ,  A 2 ,  fI1 and n2 must be r e l a t e d  by t h e  two fol lowing . 
r e l a t i o n s  
-1 
n *  = ( L(RI - Kv) [I. + 4A1L(R1 - K v )  + 4A2L(R2 - Kv): -1 ) 
-1 
x '  = ( L (n, - Kv) [l + 4A L(R - Kv) + 4A$~(n2 - .Kv)]  ) . 
(43b 1 
Adding a small  p e r t u r b a t i o n  t o  t he  s o l u t i o n  (A2), we s u b s t i t u t e  
I ( Z , R )  = 1(n) + c(z,n) ( k 4 )  
i n t o  Eq.  (112)  and f i n d  t h a t  t h e  s t a b i l i t y  a t  f requencies  o ther  
than  R1 and 0, I s  governed by t h e  equat ion  
- 48 - 
-1 . 
as/az = k-{- H' + ( L ( Q  - K v ) / r l  L + 4A1L(nl - Kv) + 4A2L(02 - Kv)] h-: 
(a= 1 
which, u s ing  (A3) can be w r i t t e n  a s  
where f ( n )  i s  the  second term i n  the  c u r l y  bracket  i n  (A5) and 
s t ands  f o r  e i t he r  Ol o r  O2 s i n c e  
%,2 
according t o  (A3).  The sol.ution w i l l  be s t a b l e  only if R1 and 
o2 a r e  a b s o l u t e  maxima of f ( n ) .  We must therefore have 
ar(nl)/an = a f ( n , ) / a ~  = 0 ,  
The f o u r  equat ions  (A3) and (A8) completely determine the  parameters 
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FIGURE CAPTIONS 
Fig .  1. --*This  f i g u r e  i l l u s t r a t e s  t he  i n t e g r a t i o n  of  Eq. (43)  
f o r  9 d i s c r e t e  f requencies  represented  by v e r t i c a l  
l i n e s  whose heights a r e  p r o p o r t i o n a l  t o  t he  i n t e n s i t i e s .  
The phase of each frequency i s  i n i t i a l l y  chosen by a 
random number genera tor .  The l i n e a r  l o s s  i s  chosen 
t o  be u = 0.3 S. 
Fig .  2 .  This  f i g u r e  r e p r e s e n t s  t he  subd iv i s ion  of the R a x i s  
invoked i n  Eq. (47). 
F i g ,  3. Lorentzian ga in  p r o f i l e ,  
F ig .  4. Evolut ion of t h e  s p e c t r a l  d e n s i t y  according t o  Eq, (63) 
a s  t h e  r a d i a t i o n  propagates  through the  medium. Curves 
i n  o r d e r  of i n c r e a s i n g  peak correspond t o  z = 0,  40, 
80, 120, 160 and 200 i n  u n i t s  of t h e  r e c i p r c c a l  g a i n  
(25.)-'. The i n i t i a l l y  f l a t  spectrum ( z  = 0 )  cannot 
be resolved from the  0-axis because of the  extremely 
loss i s  taken a s  X. = 0.3 S. 
Fig .  5. The f o u r  frames, corresponding t o  d i f f e r e n t  va lues  of 
t h e  l i n e a r  l o s s  U, r e p r e s e n t  the propagat ion of t he  
spectrum according t o  the  exac t  equat ion  (88). 
case,  curves  i n  order  of  i n c r e a s i n g  peak correspond t o  
2Qz = 0, 40, 80, 120, 160 and 200. The f i r s t  frame may 
be compared t o  F i g .  4 which corresponds t o  the 3 r d  order  
I n  each 
Eq. ( 6 3 ) .  
Fig.  6; The t o t a l  enepgy o f  the r a d i a t i o n  i s  p l o t t e d  versus  
t h o  d i s t a n c e ,  f o r  d i f f e r e n t  va lues  of t h e  l i n e a r  l o s s  K, 
according t o  Eq. (88), 
Fig  e P l o t  of t h e  s p e c t r a l  w i d t h  versus  d i s t a n c e  for var ious  
va lues  of t he  l i n e a r  loss parameter,  according t o  Eq. (88). 
Gain p r o f i l e  of Eq. (113) wi th  Ku = k 0 . 2 ~ ~ ~ .  
..-. 
Fig .  
F ig .  9. Two-velocity g a i n  p r o f i l e  a s  given by Eq. ( l l 3 ) ,  wi th  
8. 
Yab' KU = k 
Fig.  10. I n t e g r a t i o n  of  Eq. (112)  for t h e  case  o f  two d i s c r e t e  
v e l o c i t i e s  (Ku = k 0.2ya,), such t h a t  t h e  o v e r a l l  ga in  
p r o f i l e  has a s i n g l e  peak a s  shown- i n  Fig.  8. The 
spectrum approaches a &func t ion  a t  t h e  cen te r  of the  l i n e .  
Curves i n  order  of i n c r e a s i n g  peak correspond t o  z '  = 0, 
40, 120 and 200. The l i n e a r  loss i s  = 0.3. 
F ig .  11.. I n t e g r a t i o n  o f  Eq. (112) f o r  t h e  case of  t w o  d i s c r e t e  
such t h a t  the  o v e r a l l  ga in  Y,b)J v e l o c i t i e s  (Ku = 2 
p r o f i l e  has a double peak a s  shown i n  Fig.  9. The 
spectrum evolves ,  i n  t h i s  case,  i n t o  two 6-functions.  
Curves i n  o rde r  of i n c r e a s i n g  peak height correspond t o  
z = 0 ;  40, 120 and 200. The l i n e a r  l o s s  i s  n' = 0.3. 
F ig .  12.  Equation (11~2) i s  i n t e g r a t e d  w i t h  a double-peaked inpu t  
spectrum. 
and have equal  weights a s  i n  F ig .  10. 
The two d i s c r e t e  v e l o c i t i e s  a r e  Ku = k 0 . 2 ~ ~ ~  
Fig .  13. Two-velocity ga in  p r o f i l e  f o r  t h e  case of unequal weights 
~ ( K u )  = 0.6,  W ( -  Ku)  = 0.4. 
Fig. 14.  Evolut ion of t h e  spectrum when t h e  g a i n  i s  t h a t  of  Fig.  13. 
Curves i n  o r d e r  of i n c r e a s i n g  sharpness  correspond t o  
z = 0, 40 and 80. The l i n e a r  l o s s  is = 0.3 and the  
inpu t  value of t h e  s p e c t r a l  d e n s i t y  i s  I(0,n) = 10- , 
a s  usua l .  
2 
Fig. 15. The ga in  func t ion  (126) f o r  t h e  case  of a Maxwellian 
v e l o c i t y  d i s t r i b u t i o n  , w i t h  Ku = yabO 
Fig .  1 . 6 ~  Graphical de te rmina t ion  of  t h e  amplitude A from Eq. (1114). 
Fig .  17. 
Fig .  18. ..-. S t a b i l i t y  curve i n  t he  (Ku,x l )  plane.  
P l o t  of t h e  f u n c t i o n  g(A,Kv) def ined  i n  Eq. (151). 
The shaded 
r e g i o n  corresponds t o  i n s t a b i l i t y .  
Numerical i n t e g r a t i o n  of  Eq. (112) wi th  Ku = ya, 
and x f  = 0.3. Curves i n  order  o f  i n c r e a s i n g  peak 
correspond t o  z 1  = 0 ,  40, 80, 120, 160 and 200. 
I n t e g r a t i o n  of Eq. (112) wi th  Ku = 5 y a b  and x f  = 0.5. 
B e s i d e s  the  f l a t  i npu t  spectrum l y i n g  c l o s e  t o  the  
frequency a x i s ,  the  s p e c t r a l  p r o f i l e  i s  shown a t  
z '  = 40 and z '  = 360. 
Fig.  19. 
Fig.  20. 
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